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The purpose of this note, written at the suggestion of Sergey Khrushchev, is to show and to
explain briefly the most important connections and overlappings between Sergey’s [1] and our
[4,5]. Not wanting to make his long paper even longer by discussing the connections, Sergey
referred to chapter 11 of B. Simon’s book [6]. Since the approach in [6] differs from that one of
[4,5], only a few scattered remarks about the approach in [4,5] can be found there so that it is
difficult for the reader to figure out the intersection of [1] and [4,5].
In [4, Section 4], with the help of the results of Geronimus [2], necessary and sufficient
conditions on the measure σ and its essential support are given such that the Verblunsky
parameters of the OPUC1 are periodic. More precisely, see, in particular [4, Theorem 4.4], it is
shown that E is the essential support of a periodic measure of period N if and only if E consists
of several intervals, i.e., El := E = ∪lj=1[ϕ2 j−1, ϕ2 j ], ϕ1 < ϕ2 < · · · < ϕ2l , and there exists a
so-called monic complex T-polynomial TN of degree N , N ≥ l, on El . A complex T-polynomial
TN of degree N on El , N ≥ l, is a self-reciprocal polynomial which satisfies a Pell-type equation
[4, (3.1)] or equivalently, see [4, p. 75 and Theorem 3.1 c)], is a self-reciprocal polynomial with
all zeros simple and located on T such that
El = {ϕ ∈ [0, 2pi ] : |TN (eiϕ)| ≤ L} with
0 < L ≤ min
{
|TN (eiϕ)| : ddϕ
(
e−i(∂TN /2)ϕTN (eiϕ)
)
= 0
}
=: mTN (1)
which yields a description of the essential support of a periodic measure as given in Theorem 1.4
and Theorem 1.12 in [1]. Concerning Theorem 1.12 in [1], one also has to take into consideration
1 OPUC means orthogonal polynomials on the unit circle.
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Theorem 3.2 from [4] which describes all possible solutions of Pell’s equation. We note, if
0 < L < mTN , then N = l and the period of σ, i.e., the period of the Verblunsky coefficients is
l which corresponds to the so-called aliquot and balanced case in [1]. Furthermore, by Theorem
4.3 from [4], it follows (putting n, ν = n0 = 0) that for every periodic measure σ, the complex
T-polynomial T is of the form
T = 1
2
(
Φ(σ )+ Φ∗(σ )+Ψ(σ )+Ψ∗(σ )) = B(σ )+ zB∗(σ ),
and that L from (1) is given by
L2 =
N−1∏
j=0
(1− |a j |2) = 4(cap(ΓEl ))2∂T =: 4ω,
see [5, p. 390], where, as usual, Φ,Ψ are the monic OPUC of first and second kind, B is the
denominator Wall polynomial, (a j ) are the Verblunsky coefficients, ΓEl = {eiϕ : ϕ ∈ El}
denotes l arcs on T, and cap(ΓEl ) the logarithmic capacity of ΓEl . Hence by (1), for every
periodic measure σ
suppess(σ ) = {ϕ ∈ [0, 2pi ] : |B(z; σ)+ zB∗(z; σ)|2 ≤ 4ω, z = eiϕ}.
Deriving first an explicit expression for the complex Green’s function G(z) = g(z) + i g˜(z)
with g˜(eiϕ1) = 0 for l arbitrary arcs ΓEl on T, we have shown, in an elementary way, in [5,
Theorem 4.2 (ii) and (iv)]2,3 that the existence of a monic complex T-polynomial of degree N ,
N ≥ l, on El , that is, existence of a Pell equation on El , is equivalent to the fact that the harmonic
measure of each arc of ΓEl is rational, more precisely, it is of the form k j/N , k j ∈ {1, . . . , N−1},
where, for the sufficiency part, a rotation of ΓEl may be necessary. Since, as mentioned above, the
existence of a monic T-polynomial on El is equivalent to the existence of a periodic measure with
suppess(σ ) = El , this implies a characterization of the essential support of a periodic measure
in terms of harmonic measures; see [5, Theorem 4.2 (i) and (iv), and relation (2.4)]. A beautiful
slightly extended version of these facts is given in Theorem 1.11 and Theorem 1.3 of [1]. In
Theorem 1.6 of [1], an elegant description by the phases of expG(z) is presented.
In [1], the complex T-polynomial on E of minimal degree N := P(E), denoted by
λ
1/2
E bE (z) = λ1/2E zN + · · · in [1], is introduced implicitly via Y (z) := expG(z). More precisely,
if the harmonic measures of the arcs of ΓE are of the form k j/N , where the k j ’s and N have no
common integer divisor, then it is shown, see [1, (12) and (21)], that
Y (z)N +
(
Y
(
1
z
))−N
= λEbE (z), |λE | = 1,
and that Pell’s equation can be written in the form
Y (z)N
(
Y
(
1
z
))−N
= λE zN .
2 In Theorem 4.2 of [5] the condition (R0U2)(z) has leading coefficient one needs to be added in (iii) and (iv).
3 The last line in [3, p. 1644] should be replaced by footnote 2.
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For a closely related representation of the monic complex T-polynomial, see [5, (5.27)], and for
a simple representation of Y N in terms of the complex T-polynomial, see [5, pp. 389-390] and
[1, Section 4-5].
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